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ABSTRACT

A study of the flight mechanics and mass requirements for one-shot lunar
missions has been made utilizing rendezvous at the libration points in front of,
and behind, the Moon. The flight mechanics studies were carried out using the
restricted problem of three-bodies. It was found that the lowest delta-V re-

quirement to reach either libration point was to go to the L_ point behind the

2
Moon via a powered lunar swingby. It was also found that every point on the
lunar surface is directly accessible from the L2 point, for transfer times

greater than about 59 hours.

The mass calculations were carried out assuming advanced cryogenic
propellants in all stages. For such propellants, the least mass in Earth orbit
for rendezvous at the L2 point was determined. The mass requirement was
found to be smaller than that for the standard lunar orbit rendezvous mode.
Rendezvous at either the L2 point, or in a Halo Orbit about the L2 point, would
also have operational advantages, including access to all points on the Moon and

an infinite rendezvous launch window.
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INTRODUCTION

Reference 1 treats the libration points of the Earth-Moon system and their
possible utilization in various space missions. Reference 2 provides a good
review of the previous literature on the subject and summarizes the author's
work in this area. As discussed in Reference 1, relatively little investigation
has been made into the advantages of using the libration points of the Earth-
Moon system as rendezvous points for lunar missions. The present study is
intended to treat in more detail the flight mechanics of transfer trajectories to
the libration points and the mass requirements of several of the more desirable

mission modes.




FLIGHT MECHANICS

In choosing a methematical model for the study, it is important to use a
model which is sufficiently realistic to include the physical phenomena of inter-
est. At the same time, it is not desirable to use too complex a model because
one then spends considerable time calculating small effects of no particular con-
sequence. The present study uses the model of the restricted problem of three
bodies in three dimensions. This model is a reasonable compromise for the
conflicting requirements mentioned earlier, and is somewhat more complex than
models usually used for preliminary mission analyses. The restricted three-
body model is necessary in the present study because the two-body and patched-

conic models are not sufficiently accurate for these missions.

The equations of motion for the restricted problem are taken from
Moulton (Reference 3). These equations are written in a rotating coordinate
system whose center is at the barycenter of the Earth-Moon system. The po-

tential in this rotating coordinate system is given by

() R
1'1 I'Z

[
i
(TS

In this equation, x, y, and z are Cartesian coordinates with the x-y
plane as the plane of motion of the Earth and the Moon; r 1 and r2 are the dis-
tances from the Earth and Moon, respectively. The position of the Earth is
at a distance p from the origin on the negative x axis, and the Moon is lo-

cated at a distance 1-y from the origin on the positive x axis,

(1)



The equations of motion are given by
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The known integral of this system of equations is the Jacobi integral

which is
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Various methods can be used to numerically integrate these equations
of motion along a coasting arc. A straightforward integration of the equations
as they stand, with constant step size, tends to run into problems, owing to the
very large changes in velocity that occur near the singularities. Various methods
have been suggested to circumvent this problem, including regularization of the
variables, variation of parameters, and the Encke method. A different tech-
nique was utilized in this study. The equations of motion, Equations (2), were
integrated by a fourth-order Runge-Kutta method using a step size that is in-
versely proportional to the potential given in Equation (1). This is essentially
a numerical approac_h to regularizing the equations of motion rather than an

analytical one. For very small time steps in a two-body problem, this method



would be equivalent to integrating the equations of motion using constant in-
crements of eccentric anomaly. A recent study (Ref. 4) has shown that utili-
zation of the method employed in the analysis now being reported is highly ad-
vantageous as compared to the utilization of the methods of analytical regulari-

zation and constant time steps.

In order to solve the two-point boundary value problem having specified
initial and final conditions, and fixed time, a Newton-Raphson iterator with nu-
merically-determined partial derivatives was employed. The computer program
was written in double precision and outputs position, velocity, and the value of
the Jacobi constant in both rotating coordinates and in Moon-centered and Earth-
centered inertial coordinates. To allow for terminal conditions at either fixed

positions or fixed periapsis radii, several options were written into the program.



TRAJECTORIES BETWEEN LL AND THE MOON

Various conventions have been employed for numbering the libration
points. In this study, the libration point between the Earth and the Moon will
be referred to as L 1’ and the libration point beyond the Moon will be referred
to as L2' A series of trajectories which leave L1 and just graze the surface
of the Moon are illustrated in Fig. 1 in the rotating coordinate system. This
figure illustrates the changes in the characteristics of the trajectory as the
flight time increases. For short flight times, the velocities are fairly large
and the trajectories approach straight lines. As the flight time increases, the
velocity decreases, the curvature of the trajectory increases, and these tra-
jectories approximate two-body trajectories in the rotating coordinate system.
However, the perturbations due to the Earth on these trajectories are signifi-
cant, particularly for the longer flight times. The corresponding trajectories
from the Moon to L1 may be found by reversing the direction of motion and re-
flecting the trajectory in the Earth-Moon line so that the positive and negative

y axes are interchanged.

There is another family of trajectories which has a larger curvature
and which goes around the opposite side of the Moon. One member of this
family is illustrated in Fig. 2 along with the corresponding trajectory from
the first family for the same flight time of 48 hours. It should be noted that
both of these trajectories graze the Moon at almost the same points, although
they approach these points from different directions. The two trajectories
shown in Fig. 2 may be looked upon as the trace, in the x-y plane, of a family
of three-dimensional grazing trajectories which completely envelops the Moon.

This three-dimensional family of trajectories, for a fixed flight time, resemble




similar families of trajectories which were described by Hoelker and Braud

in Reference 5 for Earth-Moon trajectories. For this particular flight time,
there is a small circular area on the back side of the Moon which cannot be
reached by any direct transfer trajectory from L1 . For very short flight
times, this circular area will approximate the back hemisphere of the Moon.

As the flight time increases, this circular area becomes offset from the Earth-
Moon line and shrinks in size until, at a flight time of 51 hours, the inaccessible
region completely disappears. For flight times of 51 hours and above, all points
on the Moon can be reached by direct two-impulse transfers to and from L 1°

In order to reach a specific point on the Moon from L X it may be desirable to
first enter a low parking orbit around the Moon and then descend from this park-
ing orbit so that direct transfers are generally not necessary. The transfer
trajectories used to enter the low parking orbit would be similar to those illus-

trated, except that they would have a slightly higher perilune radius.

The AV requirements for direct transfers between the Moon and L 1
are illustrated in Fig. 3 for the family of trajectories illustrated in Fig. 1.
These AV requirements are theoretical impulsive AV's and do not make any
allowance for gravity losses due to finite burning times. The additional AV's
due to gravity losses would be negligible at L L but would be significant for the
lunar landing maneuver. For the range of times shown, the AV required at
L1 decreases monotonically with increasing transfer time, as does the AV
required at the Moon. The AV required at the Moon approaches a limiting
value which is slightly below escape velocity from the Moon. The velocities at
L1 and at the Moon are related by Jacobi's integral, Equation (3). If the ve-
locity is known at either point, the value of Jacobi's constant can be calculated
as can the value of the velocity at the other'point. If the transfer time is in-

creased above 60 hours, the AV required would pass through a minimum and



then increase. This phenomenon is illustrated in Fig. 4 which shows a plot of
AV versus transfer time for the second family of trajectories in the Earth-~
Moon plane. For this family of trajectories the minimum AV occurs at a
transfer time of about 58 hours and is more than twice the minimum at L 1
for the first family of trajectories. However, AV requirements at the Moon
are very similar for the two families. The higher velocities for the second
family of trajectories can be explained by looking at Fig. 2. Here it is shown
that the path traversed by the trajectory which does not cross the Earth-Moon
line is somewhat longer, and traverses a region of lower potential, so that the
average velocity will tend to be reduced somewhat. As a result, the members
of the second family of trajectories require higher initial velocities in order to

reach the Moon within the same time of flight.

These results illustrate the characteristics of the simplest families of

trajectories between L_ and the Moon. There are other, more complex, fam-

1
ilies of trajectories which involve repeated passes by the Moon or which wander
around in Earth-Moon space, that are not considered in this study. The families
illustrated constitute probably the most important class of trajectories from an

astrodynamic viewpoint.



TRAJECTORIES BETWEEN THE EARTH AND L1

Fig. 5 illustrates two different trajectories between the Earth and the
L1 point. The first of these trajectories is a direct two-impulse transfer from
a 100-nautical mile parking orbit around the Earth to L 1 The second trajectory
is an indirect transfer which leaves Earth from the same 100-nautical mile park-
ing orbit, passes within 50-nautical miles of the Moon, then haé a second brak-
ing impulse about one hour after perilune, and finally brakes to a stop at L1

with a third impulse.

One of the results of this study is that, if the perilune altitude is con-
strained, the optimum location of the intermediate impulse does not occur at
perilune and is not a tangential impulse. The perilune altitude was specified
in this study due to interest in a particular mission mode in which the lunar
module separates from the command module and descends to the surface while
the vehicle is flying by the Moon. Previous work at General Electric has shown
that somewhat lower A V's required to reach L1 can be achieved if the peri-
lune altitude is allowed to increase. The GE work uses tangential impulses and
does not represent truly optimum trajectories for a given flight time. However,

their results are probably close to the true optimum for this class of trajectories.

Fig. 6 shows a plot of the AV requirements for the direct transfer as a
function of flight time. The minimum AV to brake at L1 occurs at a flight
time of 92 hours and a braking velocity of about 2, 330 feet/second. Because the
launch and braking velocities are related by Jacobi's integral, the minimum total
AV will also occur at the same flight time.- The launch AV at Earth for this

trajectory is about 200 feet/second smaller than the minimum launch AV




for a direct transfer to the Moon. Fig. 7 shows the total A V required for the
indirect transfer to L1 as a function of the time after perilune. This plot is
drawn for the total time and also for the time of the Earth-Moon leg that mini-
mizes total AV. This plot demonstrates that the minimum AV does not
occur at perilune. For the particular case considered, with a constraint on

the perilune radius, the total AV for the indirect transfer is somewhat greater
than that for the direct transfer to L 1 The GE results, without the perilune
radius constraints, obtained somewhat lower A V's for the indirect transfer
to L1 than for the direct transfer; however, the most important conclusion
derived is that the total AV's required to arrive at L1 by either the direct or

indirect transfers are in the same ballpark.




TRAJECTORIES FROM EARTH TO THE L2 POINT OR TO THE HALO ORBIT

Fig. 8 illustrates a direct transfer from Earth into a Halo Orbit. The
Halo Orbit is sufficiently close to Lz , anc its velocities relative to L2 are
so low, that it is possible to discuss transfer trajectories to either L2 or the
Halo Orbit interchangeably., The AV requirements for both missions are very
similar, In addition, it makes very little difference at what point the Halo Orbit
is entered. Fig. 9 shows AV versus time for direct transfers from the Earth
to Lz. It should be noted that the AV required to enter L2 by a direct trans-
fer from Earth is significantly higher than the AV required to enter L L. On
the other hand, a previous study by GE (Ref. 6) has shown that indirect three-
impulse transfers to L2 significantly reduce the AV requirements, and even
require less total AV, than either a direct or indirect transfer to L 1 The
particular trajectory utilized in this study requires a transfer time of 5.36 days
between Earth and Moon and an additional 3.23 days between the Moon and L2'
It has a tangential braking impulse of 620 feet/second at perilune and a third
braking impulse of 472 feet/second at L2. The total AV required to enter

L2 from the translunar trajectory is only 1092 feet/second.
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TRAJECTORIES BETWEEN THE HALO ORBIT AND THE MOON

Fig. 10 shows two typical trajectories from the Halo Orbit to the Moon.
The trajectories from either the Halo Orbit or the L2 point to the Moon have
very similar AV requirements and are generally similar in character to the
trajectories from L1 to the Moon. It is possible to reach any point on the
Moon by a direct transfer from either the Halo Orbit or the L2 point, for
transfer times greater than about 59 hours. Figs. 11 and 12 show the AV
requirements as a function of flight time for transfers from the Halo Orbit to
the surface of the Moon. The figures are drawn for the two classes of grazing
trajectories which pass around both sides of the Moon. The AV required to
reach any other latitude on the Moon will be intermediate between the AV's
shown for these two classes of trajectories. As was discussed in the section on
trajectories from Ll to the Moon, these two trajectories represent the limiting
members of a family of three-dimensional grazing trajectories which completely
envelop the Moon. They may be regarded as having inclinations to the lunar equa-
tor at perilunes of 0° and of 180°. The trajectories having inclinations at values

other than those specified will have intermediate AV requirements.

11




MISSION MODES

A number of potential mission modes were considered in the course of
the study. From these potential ways of performing lunar missions, four modes
were selected for detailed AV and mass comparisons. The AV requirements
for the four modes selected are listed in Table 1. The first of these modes is the
standard lunar orbit rendezvous mode. In this mode, the lunar module descends
from a low altitude circular parking orbit to the lunar surface, and then accom-
plishes rendezvous with the command module in the same lunar orbit. The al-
lowances for gravity losses and hovering fuel have been made consistent with
those in Reference 7. For the lunar orbit rendezvous mode, no allowance has
been made for the additional AV's necessary for any required plane changes.
Landing sites at high lunar latitudes may require either additional AV or long
waiting time for mission completion. The total AV's shown are the AV's that
the command module payload and the lunar module payload must be accelerated
through. These total AV's give a rough idea of the efficiency of each mission
mode. However, actual vehicle staging must be considered to obtain any realis-

tic assessment of mass requirements.

The second mission mode to be considered is very similar to lunar orbit
rendezvous, except that rendezvous occurs at the L1 point instead of in lunar
orbit. Both vehicles make a direct two-burn transfer from the initial parking
orbit to the L 1 point. The LEM then descends to the lunar surface. It should
be noted that there is no restriction on the latitude of the landing point. The
LEM then takes off from the lunar surface and achieves rendezvous with the
command module back at the L1 point. It should be noted that there is an in-
finitely wide launch window for this rendezvous from any location on the Moon.
The CSM payload is t:nen placed on an Earth-return trajectory. Table 1 shows
that the total AV for the LEM payload is somewhat higher than for lunar orbit

12



rendezvous, while the total AV for the command module payload is somewhat
lower than for lunar orbit rendezvous. What is, perhaps, more significant is

that the total AV requirement for the lunar landing and ascent is larger than

that for lunar orbit rendezvous. This is probably less desirable for one-shot

missions such as those considered in this study, but may be more desirable

for lunar shuttle missions.

The third mission mode considered is where the lunar module descends
at perilune of a close lunar flyby and the command module continues on to the
L1 point, using the indirect multiple-impulse transfer. The return to Earth
is a mirror image of the outbound trajectory. The command module starts
towards the Moon and has a second burn to place it on an Earth-return tra-
jectory about an hour before perilune. The LEM ascends from the lunar sur-
face and accomplishes rendezvous with the command module at hyperbolic
energy after perilune. While hyperbolic rendezvous is not a standard maneuver,
it should present no particular difficulty, as there is plenty of time for the ve-
hicles to link up on the way back to Earth. This mission mode is not quite as
flexible as rendezvous at L1 , because landing sites far from the lunar equafor
may cause operational difficulties. For this mission mode, the LEM payload

has somewhat lower AV requirements than those for libration point rendezvous,

while the command module has higher AV requirements.

The fourth mode to be considered is where both the LEM and the command
module use an indirect, three-burn transfer from Earth parking orbit to the L2
point. The LEM descends to an arbitrary point on the lunar surface. After an
arbitrary time has elapsed, the LEM ascends and rendezvous with the command
module at the Lz point is achieved. Then the command module returns to Earth
along a trajectory which is a mirror image of the outbound trajectory. If it is de-
sired to use the command module for lunar farside communications, it can be placed

into a Halo Orbit using about the same AV requirements., This mission mode

13



requires only slightly more AV for the LEM payload than does lunar orbit
rendezvous, but has substantially lower AV requirements for the command
module payload. It is not only attractive from a performance standpoint, but
also offers the flexibility of arbitrary landing sites and an infinite rendezvous

Taunch window, while allowing full communication on both sides of the Moon.

14




MASS COMPARISONS

The mass comparisons of this study were done for a somewhat advanced
state-of -the-art, and for one-shot missions rather than shuttle missions. The
state-of -the-art assumed is consistent with that used in Reference 7 for a study
of lunar shuttle missions. The LEM payload was assumed to be 3, 500 pounds,
while the command module payload was assumed to be 13, 000 pounds. The
Earth-departure stage and the CSM stage were assumed to have 88% propellant
and 12% inert mass, while the LEM ascent and descent stages were assumed to
have 82% propellant and 18% inert mass. The specific impulse was assumed to
be 460 seconds, representing an advanced cryogenic rocket engine. The stag-
ing analysis was done in the same fashion as Reference 8. The mass compari-
sons of the four different mission modes are shown in Fig. 13, which illustrates
the masses of each stage and the payload for each mission mode. This figure
shows that the two different modes for rendezvous at L1 require somewhat
larger masses in Earth orbit than does the standard lunar orbit rendezvous mode.
This is partially due to the fact that the LEM,which has a greater mass fraction,
must be used for more of the mission in these modes. On the other hand, the
mission using rendezvous at L2 requires a smaller mass in Earth orbit than
any other mode, even though it suffers from the same disadvantage. The reason
for this is that the AV required by the command module is so much smaller that
it more than makes up for the inefficiency of using the LEM to accelerate its pay-

load through a larger AV change.

Reference 7, in considering lunar shuttle missions, found that it was
desirable to rendezvous in an elliptic lunar orbit instead of the standard circu-
lar orbit. The staging and other characteristics of the shuttle mission were
such that it was advantageous to trade off command module AV for lunar module
AV. The net result for elliptic orbit rendezvous is that the LEM payload is ac-

celerated through essentially the same total AV, while the command module is

15



accelerated through a smaller total AV. In Reference 7, elliptic orbit ren-
dezvous was found to be desirable in spite of the additional AV's required
for rendezvous and plane changes. It is to be expected that rendezvous at the
L2 point would also be advantageous for lunar shuttle missions, and might

even be superior to either elliptic or circular orbit rendezvous.
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CONCLUSIONS

1. Any point on the surface of the Moon can be reached by direct
transfers to and from the L1 point, for flight times greater
than about 51 hours. The same is true for the L2 point, or

for the Halo Orbit, for flight times greater than about 59 hours.

2. The smallest mass requirements of any mission mode considered
were for rendezvous at the L2 point. Essentially the same per-
formance could be obtained for rendezvous in a Halo Orbit around
the L2 point and this latter mode would allow full-time communi-
cation with landing sites on either the near or the far side of the

Moon.

3. Rendezvous at L2 also appears highly desirable for lunar shuttle

missions, and should be investigated further for such missions.

17




SUGGESTIONS FOR FUTURE RESEARCH

Relatively little work has been done on minimum-impulse three-body
trajectories. It appears desirable to extend the results of the present analysis
by determining whether there are additional multiple-impulse trajectories which
require smaller total impulse than those considered herein. One way of doing
this is by calculating the primer vector along the trajectories considered to de-
termine whether they are locally optimal. The possible existence of trajectories
to L1 that pass in front of the Moon should be investigated as should the use of

additional impulses.

Another important area for future research is the use of Halo Orbit ren-
dezvous for lunar shuttle missions. Halo Orbit rendezvous has greater operational
flexibility than elliptic orbit rendezvous, and may well have lower mass require-
ments as well. The lunar shuttle is a promising candidate for the application of

Halo Orbit or libration-point rendezvous.
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Table 1

AV Requirements (fps)

Lunar Orbit Rendezvous

Translunar injection 10, 300
Braking into lunar orbit 3,400
Lunar landing 6, 600
Lunar ascent 6, 200
Transearth injection 3,400

CSM LEM
Total 17,100 26, 500

Direct Transfer to L X Rendezvous at L1

Translunar injection 10, 100
Braking at L; 2, 300
Lunar Landing 9,200
Lunar ascent 8, 800
Transearth injection 2,300

. CsSM LEM
Total 14, 700 30, 400

Indirect Transfer to Ll’ Hyperbolic Rendezvous at Moon

Translunar injection 10, 300
Braking to L, 2,400
Lunar Landing 10, 000
Lunar ascent 9, 600
Transearth injection 2,400

CSM LEM
Total 15, 100 29, 900

Indirect Transfer to L, , Rendezvous at L2

Translunar injection 10, 300
Braking to L2 1,100
Lunar Landing 9,100
Lunar Ascent : 8,700
Transearth injection 1,100

CSM LEM
Total 12, 500 29, 200

19



REFERENCES

1. Farquhar, R. W.; '"Future Missions for Libration Point Satellites, "

Astronautics and Aeronautics, May 1969.

2. Farquhar, R. W.; '"The Control and Use of Libration Point Satellites, "
Stanford University, Dept. of Aeronautics and Astronautics, SUDAAR-
350, July 1968. (Also available on microfiche N68-31418).

3. Moulton, F.R.; An Introduction to Celestial Mechanics, Macmillan,
New York 1914.

4, Czuchry, A. J. and Pitkin, E. T.; '"Regularization vs Step Size Regu-
lators in Optimal Trajectory Computation, ' AIAA Paper 70-95,
January 1970.

5. Hoelker, R. F. and Braud, N. J.; '""Mapping the Course for the Moon

Trip, "' Astronautics and Aeronautics, February 1964.
6. Porter, J. D.; "Final Report for Lunar Libration Point Flight Dynamics
Study, '"" NASA Contract No. NAS 5-11551. General Electric Space

Systems Division, November 1968.

7. London, H. S.; "Comparison of Several Lunar Shuttle Modes - Case
105-3, " Bellcomm, Inc., September 1969.

8. Houbolt, J. C.; "Rendezvous Problem'" in Space Mathematics ~ Part 3,

edited by J. Barkely Rosser, American Mathematical Society, Providence,
1966.

20



06 °0

186 (LG~ = @ 7% LAy uool 03

G8°0

69€8°0 = I

T

H_.H

38°0

10°0-

e ST )

0°1 W ¢6°0
8186 °0 = J9jUa) UOOW
GIZGP00 °0 = snipey uool
2
/ ' \ JI9JSUBI} ANOY-ZT

8 98- = ¢ I8 £qL[J UOON 0O} ﬁq

(o]

P

10°0

10°0-

I9JSUBI) INOY-F7

(o]

(ST 08— = @ I8 AqA[ Uool 03 '

y

10°0

10°0- =

I9JSUBI} INOY-9¢

LY omm.. = @ 38 AQA[F UOOIN 0) ﬂq

\v

10°0

10°0-

JI9JsuBI} INOY-8¥

SAdATd NOON O.L HA - T 40Ol

10°0



) _ _ 10°0-

WLF omml = ¢ 12 {qi{[J uooly 03 I

10°0

/ 20°0

€0°0

N \ v0°0
168 owml = ¢ 18 AqAQ =0027 R

_ G0°0

SUAISNVU.L HNOH-8F - ¢ TUNDI

22



FIGURE 3

L1 TO MOON FLYBYS - AROUND TRAILING SIDE OF MOON
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FIGURE 4
L1 TO MOON FLYBYS - AROUND LEADING SIDE OF MOON
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FIGURE 5 - TRANSFERS FROM EARTH TO r~
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FIGURE 6 E (\/Ll

BRAKING AV REQUIREMENTS AT L
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FIGURE 7 - 120-HOUR INDIRECT TRANSFERS TO L1
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FIGURE 8 - HALO ORBIT TO EARTH TRANSFERS

0 / uul/ 84-hour transfer ~ >
Nt
m( N M L,
-0.1 7/ \
-0.2 /// \\
0.1
96-hour transfer
0 £ Jv'\/ O X
M( / v HLM
-0,1
" l/ -
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1,1 1.2

28



FIGURE 9 - L_ TO EARTH FLYBYS AT 100 N. M.
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FIGURE 11 - HALO ORBIT TO MOON FLYBYS
AROUND TRAILING SIDE OF MOON
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FIGURE 12
HALO ORBIT TO MOON FLYBYS - AROUND LEADING SIDE OF MOON
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